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Abstract. We prove an existence and uniqueness of solution for the Cauchy 
problem of the simplest nonlinear short-wave equation, utx = u — 3m 2 , with 
periodic boundary condition. 



1. Introduction 

In this paper we consider the Cauchy problem for the short-wave equation 

(1.1) u tx = u — 3u 2 , 
with the periodic boundary condition (L > 0) 

(1.2) u(0,t) = u(L,t), t>0, 
and the initial condition 

(1.3) u(x,0) = 4>(x), Viel. 

Here, u(x, t) represents a small amplitude depending on one-dimensional (fast) 
space variable x and (slow) time t. 

Nonlinear evolution of long waves in dispersive media with small amplitude in 
shallow water is a well known subject and described by many mathematical models 
such as the Boussinesq equation (HUE], the KdV equation [5], or the Benjamin-Bona- 
Mahony-Peregrine equation (BBMP) [HE]. In contrast, for short-waves, commonly 
called ripples, only a few results exist [EHHI2]- When we speak of long or short- 
waves, we are referring to an underlying spacescale, X, to which all space variables 
have been compared. Thus, for instance, for the surface-wave motion of a fluid, the 
unperturbed depth serves as a natural parameter. The shortness of the waves is 
referred to this underlying parameter. 

The short-wave equation {LI} is derived in [6] via multiple-scale perturbation 
theory from BBMP and governs the leading order term of the asymptotic dynamics 
of short-waves sustained by BBMP. A first study of equation (|l.ip is done in [4]. 
Briefly, we sketch here its derivation. Start from BBMP 

(1.4) Ut + U x -Uxxt = HU 2 )x, 
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the model equation for the unperturbed equation to which we will find the short- 
wave limit. Here, U(X,T) represents a small amplitude depending on one dimen- 
sional space variable X and time T. Its linear dispersion relation, oj(k), is real (this 
means that we are not dealing with dissipative effects) and is given by 

(1-5) «(*) = ^ 

having zero limit when fc — + oo. The phase and group velocity are all bounded in 
the short-wave limit k — > oo. This property allows BBMP to sustain short-waves. 
In fact, let us consider a short-wave with characteristic lenght i — e ~ fc _1 , with 
k ^> 1. Define the scaled (fast) space variable x = e~ x X (e <C 1). The characteristic 
time associated with short-waves is given by looking at the dispersive relation of 
the linear part for the time variable. In our case, bj(e~ x ) = e — e 3 + e 5 — • • ■ . In 
this way, we obtain the scaled (slow) time variable t = eT. We are lead thus to the 
scaled variables x = e~ 1 X and t — sT, which transforms the X and T derivatives 
into dx = £~ 1 d x and dx — ed t . Assume now the expansion U = u + eu\ + ■ ■ ■ . 
Passing to the x and t variables and integrating in x, we have the lowest order 
in (11.41) in the form 



(1.6) u tx = u - 3(u ) 2 . 

For simplicity, writing uq as u, we obtain (|l.ip . 

Under certain conditions, we prove, in the next section, the existence and unique- 
ness of solutions for (|l.ip - (|1.3p . 

2. Main result 

Let u = u(x, t) be a classical solution to the Cauchy problem, that is, a twice 
continuously differentiable function satisfying (|l.ip - (|1.3p . Integrating the left-hand 
side of {ITU in x, from to L, and using (|1.2p . we get 

d f L , , , d 



iU i u x (x,t)dx = — (u(L,t) - u(0,t)) = 0. 



Therefore, from Ijl.ip . we have 



(2.1) = — / u x (x,t)dx = I (u(x,t) — 3u 2 (x,t)) dx. 



dt Jo 



(i 



Thus, it is natural to consider only initial conditions satisfying (|2.ip . 

Note also that the L2-norm of u x (-,t) is a constant. Indeed, multiplying both 
sides of (|l.ip by u x and integrating in x, from to L, we obtain 

d \ u x(-,t)\j = [ Ux ^'^ dx = I (u(x,t) - 3u 2 (x,t)) u x (x,t)dx 



2dV v ' ,u dt J 2 Jo 

L d fu 2 (x,t) , , 

(2.2) =( 5!<M-„. (i , t ))-(^M-„.(o, t ))=0. 
This observation is of importance in the proof of a global existence 
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We will seek for solutions to problem l|l.ip - (|1.3p in a generalized sense. Namely, 
consider a formal Fourier series 



(2.3) 



i(x,t) = ^2 U n (t)( 



n— — oo 



with coefficients depending on t. Assume that 

u(x,0) = <fi(x), x £ R, 

where 4> is an L-periodic function. It is assumed that u_„ = or, equivalently, 
u(x, t) € R. Formally substituting Fourier series Q2.3P in the differential equation 
we obtain a system of ordinary differential equations 

\ 



(2.4) 



du n (t) 
dt 



iL 
27m 



,(t)-3 ^ "«*(*)«/?(*) 



n ± 0. 



/ 



(Denote u n (t) simply by u n .) Note that, for n = 0, we do not obain a differential 
equation for uq, but a constraint relating u to all the others Fourier modes. Since 
ito is the real function u average value over the domain of periodicity, we obtain 
the equation 

(2.5) w - 1 " ^ 1 ' 
It admits real solutions 

, x 1 

(2.6) "o = 7 



3^ = 3^ 



1 ± 



1-36 £ 



only if |u„| < 1/36. For definiteness assume from now on that the sign in 

formula (|2.6j) is plus, for example. The other choice is essentially the same, the 
major difference being the fact that it results in waves travelling in the opposite 
direction [4]. 

Rewrite (|2.4p . in the integral form 

/ \ 



(2.7) Mt)=^-^[ 



(s)-3 2J «a(f)w/j(s) 



V 



»+/3=r, 



<is, ti^O, 



Denote by if the space of complex sequences v — {u n }nez with the norm 

/ \ V2 

|w | 2 + J2 n2 \ v n\ 



\ 



>i#0 



The space of L-periodic functions u with the Fourier coefficients from H : {u n }'%L_ 00 e 
H, we shall also denote by H. Let 

oo 
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with 



-n — Yn 



. We say that a function hgC ([0, oo), H 

oo 



n — j 



is a solution to problem I|1.1J1 - l|1.3p . if u £ Loo ([0, oo), iJ), and the Fourier coeffi- 
cients u n satisfy f|2 .6(1 . (|2 . 7j) . and u n (0) = <f> n , for all n. 

Now we are in a position to formulate the main result of this paper. 
Theorem. If <f) G H satisfies 

Y / n2 \ ( f>n\ 2 < 1/72 



nez 

n. ^0 



and 



(<£(x)-30 2 (V))d2; = O, 



i/ien problem (1.1)) - (1.3)) has one and only one solution. For all t > 0, i/ie 
Fourier series (2.3]) converges uniformely in x. Its sum is differ entiable in x. The 
derivative satisfies the conditions u x (-,t) £ L2QO, L], R) andu x {x,-) € C([0, 00 [, R). 
Moreover, u x is differ entiable in t and (1.1)) holds. 

We divide the proof in several steps. First note that the condition 

i-L 

l2i 



implies 

From this, we get 

(2.8) 

Since 



(</>(x) - 3^(x))dx = 0, 
. O =3|0 O | 2 + 3^|0„| 2 . 



1 ± 



\ 



l-36^>„ 



J 



]T|0„| 2 <]>> 2 |0„| 2 <l/72, 



-iez 

^0 



(f>o is well defined. 

Let v(-) e Loo ([0,T],H). The norm in this space we shall denote by \\v\\. Define 
an operator / : Loo ([0, T], H) — > Loo ([0, T],H) as follows: 



(2.9) /„(«(•))(*) = <An - 



iL 
1-nn J 



v n (s)-3 ^ v k {s)v n -k(s) \ ds, n / 0, 



k=-c 



(2.10) /„(«(•))(*) 



1-36£|/„M-))(*)| 



■•ez 
^0 
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Let M > 0. Denote by $ £ Loo ([0, T],H) the constant function <&(t) = 4> and 
consider a complete metric space 

V TM = {v(-)eL oo ([0,T],H) | \\v - $|j < M} 

with the metric induced by Loo ([0, T],H). We need the following auxiliary results. 

Proposition 2.1. If 

]Tn 2 |^| 2 <l/72 

n#0 

and T is sufficiently small, then f is well defined and is a contractive map from 
Vtm into Vtm- 



Proof. Since 



f n (v)(t) - f n (w)(t) 



iL 
2nn 



(v n (s) - w n (s)) 



+ 3 ^ i( V k( s ) - Wk(s))v n -k(s) + Wk{s)(v„-k(s) - W n -k{s)) 
k— — oo 

we have 



ds, 



\v n (s) - w n (s)\ 



J2 n 2 \fn(v)(t) - f n {w) (t)\ 2 < (const) ]T 

ni=Z w€Z 
OO 

^2 (\v k (s) - w k (s)\\v n - k (s)\ + \w k {s)\\v n - k (s) - w n - k {s)\ 



k— — oo 



ds 



< (const)i I 



|w„(s) - w n (s)\ 



-I 2 



+ X! \ v k{s) ~ Wk(s)\(\v n -k(s)\ + \w n -k{s)\) 



k— — oo 



ds 



< (const)f V [ 



\v n (s) - w n (s) 



X \v k (s) - w k (s)\(\v n - k (s)\ + |u;„_ fe (s)|) 



\k— — oo 



ds 



< 



v n (s) - w n (s)\ 2 + \v (s) - w (s)\ 2 (\v n (s)\ 2 + \w n (s)\ 2 ) 



(const)i / 

E fc 2 kW-^WI 2 (K-feWI 

fe/o y fe=-oo 



|Wn-fc(s)| 2 ) 



(is 
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< (const)f 



KO) - w n (s)\ 2 + \v (s) - w (s)| 2 Y(\v n (s)\ 2 + \w n (s)\ 

oo 

k 2 \v k ( S )-W k ( S )\ 2 Y,(\Ms)\ 2 + M)\ 2 ) <l* 



k= — oo 



< (const)i 



l + J2(\ V n(s)\ 2 + \w n ( S )\ 2 ) 



nez 

1*0 



ds\\v — w\\ 



< (const)T 2 (l + ||v|| a + |M| 2 )||v ~ HI*- 
We have thus proved the following inequality 

(2.11) £ n 2 \f n (v){t) - f n (w)(t)\ 2 < (const)T 2 (l + ||«|| 2 + || W || 2 )||« - wf 



n6Z 
1*0 



We also have 



|/o(tO(t)-/o(«0(t)| s 



< 



\ 



l-36£|/„(»)(t)l ! 



nez 



\ 



l-36^|/„(t»)(i)l ! 



(const) E : f (\fn(v)(t)\ 2 + \f n (w)(t)\ 2 ) 



1-36E»^ |/„( V )(t)| 2 + ./l-36E"« |/»HW 



(2.12) 



The inclusion v £ V TM implies ||v|| 2 < (||$|| + ||$ - v||) 2 < (||$|| + M) 2 . Since 
$ = /(0), from igllH we get 

£ r* 2 |/„(«)(*) - <^| 2 < (const)T 2 (l + (||$|| + M) 2 ) 2 . 



n£Z 
n?!0 



Therefore 



£ \fniv)(t)\ 2 < 2 £ « 2 |0„| 2 + 2 £ «V» (*) 
< 2 E « 2 |0„| 2 + (const)T 2 (l + (||$|| + A/) 2 ) 2 < a < 1 



n6Z 
1^0 



whenever T > is small enough. Thus the map / is well defined (see (|2.0[) and 
(|2T0| ). From (|2~TTj) and lj2~12l) we obtain 

l/o («)(*) " /oMWI 2 < (const) £ |/« («)(*) - /nWWI 2 

nez 

< (const) £ ^|/nW(t) - /»H(*)| 2 < (const)T 2 (l + |M| 2 + ||«;|| 2 )||t; - W || 2 . 



nez 

n^O 
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Invoking again (|2.11[) . we get 

\\f(v) /Mf < (const)T 2 (l + |M| 2 + |M| 2 )||« - wf 

(2.13) < (const)T 2 (l + (||$|| + Af) 2 )||w - wf. 

Specifically we have 

\\f(v) -n 2 < (const)T 2 (l + (H0II + Af) 2 ) 2 < M 2 , 

for small T > 0. Thus we see that / : Vtm —* Vtm and from (|2,13p it follows that 
/ is a contraction, whenever T > is small enough. 

□ 

Proposition 2.2. Let u 6 ([0,T],H) be a solution to the equation u = f{u). 
Assume that 

J2 n2 \ u n(t)\ 2 <S< 1/36. 

Then u £ C([0,T],H) undue L M {[0,T},H). 
Proof. Similarly to inequality (|2 . 12|) we get 

\u{t 2 ) - u(<!)| 2 = \u (t 2 ) - u (h)\ 2 + n 2 \u n (t 2 ) - u n (h)\ 2 

< (const) n 2 \u n (t 2 ) - u„(ti)| 2 . 

From (|2.9p we see that the right side of the inequality is less than or equal to 

rt 2 / 00 \ 2 

(const) | f 2 - frj / |u„(s)+3 ^ \ u k(s)\\u n -k(s)\ ) £ 

»« V fc=-OC / 

< (const)|t 3 -*ilX) / 1 + K00| 2 + H fc2 l u fc| 2 5^M«)| a <fo 

< (const) |i 2 - ii| 2 . 
This proves the continuity of u(t). Since 



9 



X) »6Z {u n U-n + U n U- n ) 



1 - 36 J] ^ez |u„| 2 



< (const) 2J |"n| 2 2J l U "l 



Tl/0 Tl/0 



and 



E 



2| • 2 



£(=)' 

n/0 



»E2 



we have 



I wo I 2 + E n2 |"«! 2 ^ ( const ) E 



3 ^ u/c"«- 



nEZ 
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(const) ^ 



KI 2 + KI 2 KI 2 + 



/ 



< (const) 



( A 

\ 



i + ki 2 + 1 E ^ I E fc2 Ki 2 E i u «i 2 ^ ( const )- 



V 



j=ez 
fc^o 



fcez 



J 



Thus it G £«,([(), TJ.ff). 



□ 



Remark. Note that we also proved that the function u 6 C([0,T],if) is Lips- 
chitzian. 



Now show that generalized solutions also satisfy property l|2.2p . 
Proposition 2.3. Assume that u £ L M ([0,T],H) satisfies l|2.6|l , TTien 

^n 2 |u„(i)| 2 = (const). 



»EZ 
a ^0 



Proof. Indeed, we have 



n— — oo 



27m 



^ 2^ I "r - ) = 2^ ( ~7~~ ) + 



n— — oo 



27rn 



— E 1 

71 = — OO 



I U—n 



3 UkU-n-k J - W-n I W n - 3 2^ UkUn-k 

k— — oo / \ k— — oo J 



6ni 



s, 



where 



8= E 



oc 



oo 



k— — oQ k—^oo 



Observe that 



S = nUnUkU- n -k — E nU- n UkU n -k = 2 ^2 nUnUkU- n -k- 

n,k— — oo n,k— — oo n,k— — oo 

On the other hand, introducing a new summation index m — n — k, we can rewrite 
S in the following form: 



E nu n UkU- n - k - ^2 (m + k)u 

—m—k^k'^rn 

n,k= — oG m,k— — oo 



E fcu - 



■m — k^k^m- 



m.k— — oo 



Combining this with the previous equality, we get S = — 5/2. Thus 5 = 0. □ 

Proof of Theorem. From Proposition 12.11 we see that the problem under consider- 
ation has one and only one solution u € Loo ([0,T],H), whenever T > is small 
enough. By Proposition El u G C([0,T],if) and u G Loo ([0, T], if). Finally, 
Proposition 12.31 implies the existence of the solution for all t > 0. 
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Show that, u(x,t), the sum of Fourier series (|2.3j) satisfies (|l.ip . From the 
inequality 



Ei u «wi 



< 



\ 



/ 



E»w = m 



we see that Fourier series (|2.3p converges uniformely in a; for alH > 0. The inequal- 
ity 



E 



u k (t)u n - k (t) 



< E E m*)i 



implies that the series 



J2 E «*(*)«»-*(*) 



n= — oo \fe= — c 



converges for all t > 0. Multiplying l|2.7p by e 1 
equalities, we get 



and adding the obtained 



E. ztt 
i—nu n {t)i 



= E i-r^rit 



E 

,1^0 



/ U n (s)-3 ^ u a{s)u,3(s)\ 



From the Lebesgue theorem and the above estimates we have 

u x (x,t) = 4> x (x) + 



r ( \ 



c ds. 



Combining this with (|2,5p we obtain 

u x (x, t) — 4> x {x) + / (u(x, s) — 3u 2 (x, s))ds. 
Jo 

This ends the proof. 
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